Calculation of Temperature-Dependent Hadronic Correlation Functions of Pseudoscalar and Vector Currents by He, B et al.




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































In recent years we have seen a great deal of interest in the properties of dense matter,
with particular attention given to diquark condensation and color superconductivity [1].
Since it is diÆcult to study the properties of dense matters in lattice simulations of QCD
[2], the Nambu-Jona-Lasinio (NJL) model and closely related instanton-based models have
been used in such studies. We have become interested in a possible density dependence of
the coupling constants of chiral Lagrangian models, since density dependence of the coupling
parameters could aect the conclusions drawn from the studies of dense matter. We have
introduced density-dependent coupling constants for the NJL model in earlier works [3,
4], and have presented some arguments that such density dependence may be necessary
[4]. However, it is much easier to discuss the temperature dependence of NJL coupling
parameters, rather that the density dependence, since a good deal is known concerning
nite-temperature QCD thermodynamics [5]. In particular, the study of a gluon gas at high





is the temperature of the connement-deconnement phase transition. (See Fig.
1.3 of Ref. [5].)
In this work we suggest that rather straightforward calculations of hadronic current
correlation functions at nite temperature can provide information concerning a possible
temperature dependence of the NJL coupling parameters. We perform calculations of
hadronic current correlation functions for pseudoscalar and vector currents in the range
1:2 6 T=T
c
6 5:88. We make use of two models for the temperature dependence of the
NJL coupling parameters. For model 1, we use G(T ) = G[1   0:17(T=T
c
)], which was the
form used in our previous studies of meson properties [6] and hadronic current correlation
functions [7] at nite temperature. In this work we also introduce a model 2, for which




]. In both cases, G(T ) = 0 for T=T
c
= 5:88. For values of
T=T
c
> 5:88 we put G(T ) = 0 for both models.
For the sake of completeness we present the Lagrangian of a generalized NJL model that
2
we have used in our studies of meson properties at nite temperature and density










































































2=3 1 with 1 being the unit matrix. The fourth term
on the right-hand side of Eq. (1.1) is the 't Hooft interaction. Finally, L
conf
represents the
model of connement we have used in our work.
We have recently reported results of our calculations of the temperature dependence of
the spectra of various mesons [6]. These calculations were made using our generalized NJL








mesons in Ref. [6]. In that work, temperature-dependent constituent
quark masses were calculated using the equation [8]

























is the current quark mass, G
S
(T ) is a temperature-dependent coupling constant




= 3 is the number








. Further,  = 0:631 GeV is a cuto such that
j~pj  . Results obtained for the up (or down) and strange quark masses are given in Fig. 1.
In calculating the constituent mass values we have neglected the conning interaction. That
interaction was taken into account in our earlier Euclidean-space calculation of the quark
self-energy [9], which also included the eects related to the 't Hooft interaction. We found
that, to a good approximation, we could neglect the conning and 't Hooft interactions, if
we modied the value of the NJL coupling constant, G
S
, and we adopt that approach when
using Eq. (1.2).
The organization of our work is as follows. In Sec. II we review our calculations of
polarization functions at nite temperature. In Sec. III we discuss the calculation of hadronic
current correlation functions, making use of the results presented in Sec. II. In Sec. IV and V
3
FIG. 1: Temperature dependent constituent mass values, m
u
(T ) and m
s
(T ), calculated in a mean
eld approximation [8] are shown. [See Eq. (1.2)]. Here m
0
u
= 0:0055 GeV, m
0
s
= 0:120 GeV, and
G(T ) = 5:691[1  0:17(T=T
c
)], if we use Klevansky's notation [8]. (The value of G
S
of Eq. (1.1) is
twice the value of G used in Ref. [8]).
we present the results of our numerical calculations of correlators of pseudoscalar and vector
currents, respectively. We also compare our results to some recent lattice calculations of
pseudoscalar and vector correlators [10-12]. Finally, in Sec. VI we present same further
discussion and conclusions.
II. POLARIZATION FUNCTIONS AT FINITE TEMPERATURE
The basic polarization function that is calculated in the NJL model is shown in Fig. 2.
We will consider calculations of such functions in the frame where
~
P = 0. In our earlier work,
calculations were made after a connement vertex was included. That vertex is represented
by the lled triangular region in Fig. 2. However, we here consider calculations for T  1:2T
c
where connementmay be neglected. We will, however, use the temperature-dependentmass
values shown in Fig. 1.
4
FIG. 2: The upper gure represents the basic polarization diagram of the NJL model in which
the lines represent a constituent quark and a constituent antiquark. The lower gure shows a
connement vertex [lled triangular region] used in our earlier work. For the present work we





The procedure we adopt is based upon the real-time nite-temperature formalism, in
which the imaginary part of the polarization function may be calculated. Then, the real
part of the function is obtained using a dispersion relation. The result we need for this
work has been already given in the work of Kobes and Semeno [13]. (In Ref. [13] the
quark momentum in Fig. 2 is k and the antiquark momentum is k P . We will adopt that
notation in this section for ease of reference to the results presented in Ref. [13].) With





























































































. Relative to Eq. (5.4) of Ref. [13], we have changed
the sign, removed a factor of g
2
and have included a statistical factor of 2N
c
, where the







], with  = 0:605 GeV, which is the same as that used in most of our applications
5

































(T ), since in that calculation the quark and antiquark are on-
mass-shell. In Eq. (2.1) the factor 
S






















depend upon temperature. In the frame where
~





























































(T ) : (2.7)
































in the frame where
~









































(T ), as above. Thus, we see that, relative to the scalar case, the
phase space factor has an exponent of 1/2 corresponding to a s-wave amplitude. For the
scalars, the exponent of the phase-space factor is 3/2, as seen in Eq. (2.6).
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P = 0. This
result will be needed when we calculate the correlator of vector currents in the next section.
Note that for the elevated temperatures considered in this work m
u
(T ) = m
d
(T ) is quite






(T ) can be approximated by 4P
2
0
when we consider the vector












; T ) ; (2.13)






















































For the functions dened in Eq. (2.14) and (2.15) we need to use a twice-subtracted disper-










































































can be quite large since the integral over the imaginary part of the polarization












; T ) as the complex
functions, since we now have both the real and imaginary parts of these functions. We note








; T ) by means of a dispersion relation






















). We found it



































) are determined in an analogous function. This procedure in












), which may be used when
making calculations for large P
2
, is quite analogous to the procedure used in Ref. [14]. In
that work we made use of dispersion relations to construct a continuous vector-isovector
current correlation function that had the correct perturbative behavior for large P
2
! 1
and also described that low-energy resonance present in the correlator due to the excitation
of the  meson. In Ref. [14] the NJL model was shown to provide a quite satisfactory
description of the low-energy resonant behavior of the vector-isovector correlation function.
III. CALCULATION OF HADRONIC CURRENT CORRELATION FUNCTIONS
In this section we consider the calculation of temperature-dependent hadronic current










<< T (j(x)j(0)) >> ; (3.1)
where the double bracket is a reminder that we are considering the nite temperature case.







q(x), where, in the case of the  mesons, i = 1; 2 and 3. For the study of scalar-




q(x), where i = 0 for the avor-singlet current
and i = 8 for the avor-octet current [7].
In the case of the pseudoscalar-isovector mesons, the correlator may be expressed in terms

























(T ) is the coupling constant appropriate for our study of  mesons. We have
found G
P
(T ) = 13:49 GeV
 2





= 0:364 GeV. The result given in Eq. (3.2) is only expected to be useful for small
P
2

































(As usual, we put
~






















denominator of Eq. (3.3) goes to 1 for large P
2
0




denominator is capable of describing resonant enhancement of the correlation function. As
we will see, the results obtained when Eq. (3.3) is used appear quite satisfactory. (We may
again refer to Ref. [14], in which a similar approximation is described.)




















































; T ) ; (3.5)
taking into account the fact that the current j
; i






























































; T ) : (3.8)
(See Eq. (3.7) for the specication of k = j
~

























































; T ) : (3.11)
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In the literature, ! is used instead of P
0
[ 10 -12 ]. We may dene the spectral functions

V














(!; T ) : (3.13)
Since dierent conventions are used in the literature [10-12], we may use the notation

P
(!; T ) and 
V
(!; T ) for the spectral functions given there. We have the following relations:

P
















(!; T ) ; (3.15)
where the factor of 3/4 arises because, in Refs. [10-12], there is a division by 4, while we
have divided by 3 as in Eq. (3.6).








, the  -dependent
hadronic correlators G
P
(; T ) and G
V
(; T ) were introduced [ 10-12 ], with




d!(!; T )K(!; ; T ) : (3.16)
Here,










We will present results of our calculations of G
P
(; T ) and G
V
(; T ) in Sections IV















for various values of T=T
c
in Sections IV and V.
IV. CORRELATION FUNCTIONS FOR PSEUDOSCALAR-ISOVECTOR CUR-
RENTS - NUMERICAL RESULTS









= 1:5, and for model 1, as a solid line.
The dashed line represents the result at T=T
c
= 1:5, if we put G
P
(T ) = 0. The results for









as a dotted line with a maximum value of about 0.17. We may
compare that result with the maximum of the dashed curve of our Fig. 4. Using Eq. (3.15)
and dividing our result by 2, we have a value of 0.065, which is smaller than the value 0.17
obtained from Ref. [11]. In Fig. 5, we show the results for model 2 at the same values of
T=T
c
used to construct Fig. 4. Performing the same comparison as that made for Fig. 4
at T=T
c
= 1:5, we nd a maximum value of 0.09, which is closer to the 0.17 value of Ref.
[11] than the 0.065 value obtained from model 1. If we put T
c
= 150 MeV, the peak at
T=T
c
= 1:5 in Fig. 5 is at about 500 MeV, which the corresponding peak in Fig. 1 of Ref.
[11] is at about 1.0 GeV. To obtain some support for our value of 500MeV, rather than the
1 GeV value of Ref. [11], we may refer to Fig. 6.7 on page 332 of Ref. [15]. There, the values
are given for the temperature-dependent masses of the  and  mesons calculated in the NJL
model without connement. If we take T
c
= 150MeV, we have T = 225MeV at T=T
c
= 1:5.
From Fig. 6.7 of Ref. [15], we observe that the  mass is quite close to 500MeV, if we make
a modest extrapolation of the results given in the gure from 200MeV to 225MeV. That
suggests that, our result of 500MeV for the peak of the pseudoscalar-isovector correlation
function at T=T
c
= 1:5 is to be preferred over the value of 1 GeV obtained from the results
presented in Ref. [11].
From a inspection of Fig. 2 of Ref. [12], we see that the lattice results have quite large
errors, such that the magnitude of the peaks and the positions of their maxima could be
uncertain to within a factor of 2. That feature may explain why the resonant structure seen
for T=T
c
= 3:0 in Ref. [11] and [12] is not seen in our Fig. 4 and 5. Again referring to Fig.
2 of Ref. [12], we see that, when the errors are taken into account, it is possible that our
result at T=T
c
= 3:0 is compatible with that given in Ref. [11].










using a constant value of G
P
(T ) = 13:49 GeV
 2
. The solid line is the result for model 1(or
model 2) at T=T
c
= 5:88, in which case G
P
(T ) = 0 for both models. Since we have argued
that for T=T
c
 6 the quark-gluon plasma should be a weakly interacting system, the use of
a constant value for G
P
(T ) appears to be unacceptable. We present this result to support
our argument that the coupling parameters of the chiral Lagrangian model should be made
temperature dependent to be consistent with QCD thermodynamics.

















are shown at T=T
c
= 1:5 for model 1, where G
P


































= 1:5 [dashed line], T=T
c
= 2:0 [dotted line], T=T
c
= 3:0 [dashed-dotted line],
T=T
c
= 4:0 [dashed-double dotted line], T=T
c
= 5:88 [short-dashed line].
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are shown at for various temperatures for model 2, with
G
P






]. (See the caption to Fig. 2.)







are shown for T=T
c
= 5:88. The dashed line represents the
result when G
P




. The solid line is the result for G
P
(T ) = 0, which is
characteristic of models 1 and 2, when T=T
c


















are shown for T=T
c





= 5:88 [solid line]. These results were calculated with model 1.
dotted line] and T=T
c
= 5:88 [solid line]. These results maybe compared to those shown in
Fig. 1 of Ref. [11], which also exhibits the values for T !1. In Fig. 1 of Ref. [11] we see a








. (We will present some
discussion of this matter in Sec. V.)
V. CORRELATION FUNCTIONS FOR VECTOR-ISOVECTOR CURRENTS -
NUMERICAL RESULTS







for model 1 and for T=T
c
= 1:5, as a
solid line. The result for T=T
c
= 1:5 and G
V
(T ) = 0 is represented by the dashed line. [See







for various values of T=T
c
and for
model 1. Corresponding results for model 2 are given in Fig. 10. In Figs. 9 and 10, we do
not see the resonances reported at T=T
c
= 3:0 in Refs. [10-12].
In Fig. 11 we show, as a dashed line, values for T=T
c








were calculated with a constant value of G
V
(T ) = 11:46 GeV
 2
. The solid line represents
the results for G
V
(T ) = 0, which is characteristic of models 1 and 2 when T=T
c
= 5:88. The
comments made with respect to Fig. 6 are also applicable here.

















are shown for T=T
c
= 1:5. (See the caption of Fig. 3.)







are shown for model 1 and for various temperatures. (See the
caption of Fig. 4.)
[dash-dotted line] and T=T
c
= 5:88 [solid line]. These results are obtained with model 1, and
may be compared to those shown in Fig. 7, where we see generally similar behavior. That








shown quite dierent behavior, with the result for the vector correlator close to the T !1
result at T=T
c
= 1:5 and T=T
c












are shown for model 2 and for various temperatures. (See the
caption of Fig. 4.)







are shown for T=T
c
= 5:88. (See the caption of Fig. 6.)
that we have used in this work may be too large, or that the temperature dependence of
G
V
(T ) is such as to yield smaller values than those obtained in this work for model 1 or







for T = 1:5T
c


















[dot-dashed line]. It would be of interest to consider the results of Ref.
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are shown for T=T
c





= 5:88 [solid line]. These results were calculated with model 1.
[11] for the Euclidean-space correlator to be correct and to then determine G
V
(T ) so that




obtained in the lattice calculations. We defer such a project
to a future work.
VI. DISCUSSION
It is diÆcult to make a denitive comparison of our results and the results obtained
for the spectral functions in the lattice simulations, since those results are accompanied by

















that are rather similar [10-12]. As noted earlier, we do not see the resonant behavior at
T=T
c
= 3:0 suggested by the lattice simulation. On the other hand, the chiral Lagrangian
model provides a systematic study, which may provide some guidance for further studies of
lattice QCD. This may be particularly important in the light of the comments made in Ref.
[11]:
"The reconstruction of 
H
(!; T ) and in particular the determination of its low
energy structure thus is diÆcult at non-zero temperature. Additional compli-
17







are shown for T=T
c


















line]. Here, we used model 1.
cations arise in lattice calculations which necessarily are performed on lattices
with nite number of points (N

) in Euclidean time. The correlation functions
G
H
(; T ) can thus be calculated only at nite set of Euclidean times T = k=N

,
with k = 0; :::N

  1. In order to reconstruct the spectral functions from this
limited set of information it is necessary to include in the statistical analysis
of numerical results also prior information on the structure of G
H
(; T ) as well
as assumptions about the likelihood of a certain spectral function 
H
(!; T ). It
has been suggested to provide this additional information through the applica-
tion of the Maximum Entropy Method (MEM) [17, 18], which has been applied
successfully to many other ill-conditioned problems in physics    ."
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